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Abstract
In this paper we will concentrate on the numerical solution of the Cauchy-
Riemann equations. First we show that these equations bring together the
nite element discretizations for the Laplace equation by standard nite ele-
ments on the one hand, and by mixed nite element methods on the other. As
a consequence, methods for a posteriori error estimation for both nite element
methods can derive their validity from each other. Moreover, we show that
given a nite element approximation of one of the vectorelds, the missing can
be accurately computed in optimal complexity.
Keywords: Cauchy-Riemann equations, Laplace problem, superconver-
gence, post-processing, error estimation, marching process, optimal complexity.
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1 Introduction
The ordered pair (u; v) of functions dened on some domain 
  IR
2
is said to
satisfy the Cauchy-Riemann equations in 
 if ru = curl v in 
, which, written out
in partial derivatives, reads as
@
@x
u =
@
@y
v and
@
@y
u = ,
@
@x
v in 
: (1)
For ease of explanation, we will also say that (v; u) satises the Cauchy-Riemann
equations, even though the pair (,v; u), rather than (v; u), satises (1).
The Cauchy-Riemann equations have not been the study of numerical approximation
extensively. Nonetheless, already in 1979, Ghil et al. [9] developed a nite dierence
scheme on rectangular domains that is as ecient as a fast Poisson solver, whereas
in the context of elliptic systems, the Cauchy-Riemann equations were taken as a
rst model problem by Brandt et al. in [3]. A fairly recent paper by Borzi et al. [1]
considers a multilevel approach with cell-vertex nite volumes on a square domain.
The papers just mentioned treat the general inhomogeneous equations.

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1.1 Motivation
The importance of the Cauchy-Riemann equations lies in several elds, both of the-
oretical and practical nature. Firstly, it is well-known that a function is complex
analytic if and only if its real and complex part, seen as functions from IR
2
to IR,
satisfy (1). This means that if either the real or the complex part of such a function
is known, a general form for the remaining part can be found by solving it from the
Cauchy-Riemann equations. Secondly, an elementary practical application is that
the level curves of u; v : IR
2
! IR are mutually orthogonal if the pair (u; v) satisfy
the Cauchy-Riemann equations. An example is given in Figure 1 below.
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Figure 1. Example of a Cauchy-Riemann pair (u; v) with u(x; y) =
1
2
(x
2
+ y
2
)
and v(x; y) = xy. Note that actually v is the function u rotated over =4, i.e.,
u(x; y) = (y , x)(y + x).
So, the Cauchy-Riemann equations describe the relation between isotherms and
heatow, between equipotential lines and the direction of electric force, and also
between equipotential lines and the streamlines of a uid ow. As a nal motivation
for the study of Cauchy-Riemann equations we recall that they are in fact the sim-
plest example of an elliptic system and can therefore be taken as a model problem
for more complicated systems. As shown in [15], they form the elliptic part of the
inviscid incompressible Euler problem in two space dimensions. These applications
explain our interest in fast and accurate numerical tools for their approximation.
1.2 Formulation of the problem and outline of the approach
Depending on the context, there are several feasible formulations of the Cauchy-
Riemann problem. An example is that v is given, and that u such that ru = curl v
is desired. In that case, u is uniquely determined up to a constant value. Another
example is that both u and v are unknown, but that they satisfy (1). In that case,
compatible boundary conditions for both u and v should be given, or boundary
conditions sucient to determine one of the two. In this paper, we will concentrate
on both formulations, the rst being a sub-problem of the second. As a model
2
problem, we will look for a pair of functions (u; v) with mean values zero such that
ru = curl v in 
; ru
T
 = j on @
; and hj; 1i = 0; (2)
where  is the unit outer normal to @
, and formulate this as an independent po-
tential problem for u. It will become clear further on that also Dirichlet boundary
conditions could have been posed.
Approximations v
h
for v will be constructed from standard [5] nite element ap-
proximations u
h
of u in (2). In case u is already known a priori, the same ideas
can still be applied in a slightly modied form. In Section 2 it will be shown that,
rather surprisingly, mixed nite element approximations v
h
of v can be directly and
cheaply obtained as a by-product of the computation of u
h
. Finally, we concentrate
on superconvergence properties of some of the discrete functions of interest. The
possibilities of a posteriori error estimation and adaptivity turn the procedure into
a complete and attractive package.
1.3 Notations and preliminaries
In this paper, 
 is a convex polygonal domain such that the boundary @
 is
Lipschitz-continuous. By H
k
(
) we denote the Sobolev space of functions with weak
partial derivatives of order k in H
0
(
) := L
2
(
), normed with k  k
k
, semi-normed
with j  j
k
. The subspaces
~
H
k
(
)  H
k
(
) are formed by the functions with mean
value zero. The spaceH(div ; 
) consists of functions with weak divergence in L
2
(
),
and we supply it with the usual norm kk
div
. The subspace
~
H(div ; 
)  H(div ; 
)
contains the vectorelds with normal traces that have zero average on @
. By the
Gauss Divergence Theorem, this means that div q 2
~
L
2
(
) for q 2
~
H(div ; 
). We
denote unit outer normal vectors by  and counterclockwise tangent vectors by  .
To what exactly they are normal and tangent will become clear from the context.
The L
2
inner products on 
 and @
 will be denoted by (; ) and h; i respectively.
For volumes of edges and triangles we use the notation j  j.
1.4 Two problems involving potentials
Problem (2) can be cast in the form of two weakly formulated potential problems.
We refer to Girault and Raviart [8], Ch.1 for details on the statements concerning
regularity, and start with assuming that u; v 2
~
H
2
(
). Then, taking the divergence
of the identity ru = curl v results in a Laplace equation for u with Neumann
boundary conditions for which it follows that ru
T
 = j 2 H
1
2
(@
),
,u = 0 in 
; ru
T
 = j on @
; and hj; 1i = 0: (3)
Similarly, taking the rotation of ru = curl v shows that v = ,rot curl v =
,rotru = 0. Next, a boundary condition for v can be found by using the identities
curl =
 
0 1
,1 0
!
r and  =
 
0 1
,1 0
!
; (4)
which leads to
@
@
v = rv
T
 = curl v
T
 = ru
T
 = j: (5)
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Integration of (5) along @
 results in a Laplace equation for v with Dirichlet bound-
ary conditions,
,v = 0 in 
; and v = g on @
; where
@
@
g = j on @
; (6)
and it follows that g 2 H
3
2
(@
). Now, by the theory of elliptic regularity for the
Poisson problem on convex polygonal domains, the assumed regularity u; v 2
~
H
2
(
)
can, conversely, be concluded from the assumption j 2 H
1
2
(@
) on the given data,
which is what we will from now on assume.
Remark 1.1 Problem (2) has solutions u; v 2
~
H
1
(
) if j 2 H
 
1
2
(@
). However,
with the upcoming lowest order nite element discretizations in mind, we prefer to
have u; v 2
~
H
2
(
) for optimal convergence.
We will use the standard nite element method with Lagrange nite elements for
the approximation of u, which will give us a sequence of approximate solutions
u
h
2
~
V
h

~
H
1
(
) of (3). Simultaneously, we will construct mixed nite element
approximations v
h
2
~
W
h

~
L
2
(
) for the function v. This will be done in such a
way, that each pair (u
h
; v
h
) 2
~
V
h

~
W
h
satises the Cauchy-Riemann equations in
a certain discrete sense. Indeed, neither u
h
nor v
h
is a harmonic function, but the
weak partial derivatives of u
h
can be interpreted as distributional derivatives of v
h
on the nite dimensional space
~
W
h
. As u
h
converges to u in
~
H
1
(
), v
h
converges to
v in
~
L
2
(
). We will consider lowest-order elements only, although the procedure is
easily extended to higher order elements.
2 Discretization by nite elements
In this section we will formulate the standard nite element method for Laplace
equation (3), and apply the mixed nite element method to Laplace equation (6).
We refer to Ciarlet [5] and Raviart and Thomas [14] for details on these methods.
2.1 Standard nite elements
Consider Equation (3). Its solution is the unique function u 2
~
H
2
(
) 
~
H
1
(
) such
that for all y 2
~
H
1
(
),
(ru;ry) = hj; yi: (7)
Denote the space of continuous, mean value zero, piecewise linear functions rela-
tive to some triangulation T
h
of the domain 
 by
~
V
h
, where h is the usual mesh-
parameter. Then the standard nite element approximation u
h
2
~
V
h
of u uniquely
satises
(ru
h
;ry
h
) = hj; y
h
i; (8)
for all y
h
2
~
V
h
, and the Galerkin orthogonality (r(u , u
h
);ry
h
) = 0 obtained by
subtracting (8) from (7) for testfunctions y
h
2
~
V
h
, expresses that u
h
is the elliptic
projection of u on
~
V
h
. The following a priori bound
ku, u
h
k
0
+ hku, u
h
k
1
 Ch
2
juj
2
; (9)
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holds under the mild additional assumption that the family (T
h
)
h
of triangulations
employed, is regular, which means that there does not exist a sequence (T
h
)
h
with
T
h
2 T
h
such that lim inf
h!0
Vol(T
h
)h
 2
= 0.
2.2 Mixed nite elements
The mixed weak formulation of (6) introduces a second variable p = ,rv 2
~
H(div ; 
) and treats it as an independent variable. Concretely, it seeks a pair
(v;p) 2
~
L
2
(
)
~
H(div ; 
) such that for all (w;q) 2
~
L
2
(
)
~
H(div ; 
),
(p;q), (v; divq) = hg;q
T
i and (divp; w) = 0: (10)
Note that the term hg;q
T
i is independent of any integration constant for g chosen
in (6) because q
T
 has average normal trace zero on @
.
For the discretization of (10) we use the space
~
W
h
of piecewise constant functions
with mean value zero, and the
~
H(div ; 
)-conforming lowest-order Raviart-Thomas
space
~
 
h
. Recall that those spaces satisfy the Babuska-Brezzi-Ladyshenskaja con-
dition and that div
~
 
h
=
~
W
h
. Moreover,
~
 
h
is a proper subspace of all piecewise
linear vectorelds and its
~
H(div ; 
)-conformity is guaranteed by continuity of the
normal components of the discrete elds across the element edges. Those normal
components are constants on each edge and represent the degrees of freedom.
Remark 2.1 With the application illustrated in Figure 1 in mind, note that contour
lines of a piecewise constant functions do not make much sense. In Section 3.2.4
we will describe a post-processor that maps v
h
into a better approximation of v.
This approximation will be continuous piecewise linear, such that its contourlines
are well-dened.
With the above choice for the discrete spaces, the mixed nite element approxima-
tions (v
h
;p
h
) 2
~
W
h

~
 
h
satisfy
(p
h
;q
h
), (v
h
; divq
h
) = hg;q
T
h
i and (div p
h
; w
h
) = 0; (11)
for all (w
h
;q
h
) 2
~
W
h

~
 
h
. Since the space
~
 
h
does not contain all the piecewise
linear vectorelds, its approximation quality is only of order h, which is reected
in the optimal order a priori bound for the mixed method in case the family of
partitions (T
h
)
h
is regular,
kv , v
h
k
0
+ kp, p
h
k
div
 Chjvj
2
: (12)
We will show an interesting relation between ru
h
and p
h
in Section 2.4. First, we
recall the discrete Helmholtz decomposition of Raviart-Thomas spaces.
2.3 Discrete Helmholtz decomposition
A very useful property of Raviart-Thomas spaces is, that they reect, on a discrete
level, the Helmholtz decomposition of vector elds. The continuous version is well-
known, and we refer to [8] for details:
[L
2
(
)]
2
= rH
1
0
(
) curl
~
H
1
(
): (13)
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The discrete version is preluded by the property [8],
q
h
2
~
 
h
and divq
h
= 0 , q
h
2 curl
~
V
h
: (14)
Also, dene an operator r
h
:
~
W
h
!
~
 
h
by the Riesz theorem,
(r
h
w
h
;q
h
) = ,(w
h
; divq
h
) for all q
h
2
~
 
h
: (15)
Theorem 2.2 A discrete Helmholtz decomposition for Raviart-Thomas space is
given by
~
 
h
= r
h
~
W
h
 curl
~
V
h
: (16)
This decomposition is L
2
-orthogonal.
Proof. See also [13]. The right-hand side of (16) is clearly a subspace of
~
 
h
. The
orthogonality follows directly from (15) by substituting q
h
= curl!
h
and the fact
that div curl = 0. Now, for given q
h
2
~
 
h
, let r
h
be its L
2
-orthogonal projection
on r
h
~
W
h
, so,
8w
h
2
~
W
h
; (q
h
, r
h
;r
h
w
h
) = 0: (17)
Recall that div
~
 
h
=
~
W
h
. This, in combination with (15), gives that q
h
, r
h
is
divergence-free, which, by (14) implies that q
h
2 curl
~
V
h
. So, also the reverse
inclusion in (16) holds. 2
2.4 Discrete Cauchy-Riemann relations
We will now derive some results on the standard and mixed approximations of the
Cauchy-Riemann pair (u; v). Looking at the dening equations (11) for the mixed
nite element approximations, we can conclude by div
~
 
h
=
~
W
h
that divp
h
= 0
and therefore, by (14), that p
h
= curl!
h
for some !
h
2
~
V
h
. Substituting this
information back into (11) gives that
8q
h
2
~
 
h
; (curl!
h
;q
h
), (v
h
; divq
h
) = hg;q
T
h
i: (18)
By the discrete Helmholtz decomposition (16), this decouples into two independent
sets of equations by testing into the two orthogonal subspaces of
~
 
h
consecutively.
This gives rst of all that
8y
h
2
~
V
h
; (curl!
h
; curl y
h
) = hg; curly
T
h
i: (19)
Using (4), note that curl y
T
h
 =
@
@
y
h
. Then, integration by parts on @
 and using
(4) again to conclude that (curl!
h
; curl y
h
) = (r!
h
;ry
h
), gives
8y
h
2
~
V
h
; (r!
h
;ry
h
) = h
@
@
g; y
h
i = hj; y
h
i: (20)
Comparing this to (8) leads to the interesting observation that the Cauchy-Riemann
relation p = curlu is reected in the discretizations. We summarize our ndings in
the following theorem.
Theorem 2.3 Let u and v satisfy the Laplace equations (3) and (6), and let
(u
h
;ru
h
) and (v
h
;p
h
) be the standard and mixed nite element approximations
of (u;ru) and (v;p = ,rv) as described by (8) and (11). Then,
curl u = p = ,rv and curl u
h
= p
h
: (21)
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3 Fast solution, superconvergence, and error estimation
In this section we will concentrate on some issues of practical importance. Knowing
that u
h
and v
h
satisfy the discrete Cauchy-Riemann relation (21), the question is
how to compute v
h
given that p
h
= curl u
h
is known. Another question is how to
benet from superconvergence of the nite element solutions.
3.1 Optimal complexity solution of the missing potential
We will rst describe an ecient method to solve v
h
from
8q
h
2
~
 
h
; (v
h
; divq
h
) = (curlu
h
;q
h
), hg;q
T
h
i; (22)
This equation is nothing more than (11) combined with the result from Theorem
2.3 that p
h
= curl u
h
. For the practical solution of v
h
from (22), it is important to
see that, although div
~
 
h
=
~
W
h
,
dim(
~
 
h
) = dim(curl
~
V
h
) + dim(r
h
~
W
h
) = dim(
~
V
h
) + dim(
~
W
h
) > dim(
~
W
h
); (23)
which means that (22) results in a non-square though consistent linear system of
equations, which, for example, can be solved by elimination of redundant equations.
3.1.1 Reducing the number of equations
An obvious way to reduce the number of equations would be to use only the subspace
r
h
~
W
h

~
 
h
as testspace in (22) and to solve v
h
from
8w
h
2
~
W
h
; (r
h
v
h
;r
h
w
h
) = hg;r
h
w
T
h
i: (24)
This, however, has the practical disadvantage that the operator r
h
is given in the
form of a linear system (15), and that a local basis forr
h
~
W
h
is not known. Therefore,
the following trivial observation is important. We do not need the space r
h
~
W
h
itself
as test space. Any subspace
~
Z
h

~
 
h
such that
div :
~
Z
h
!
~
W
h
is a bijection (25)
gives rise to a non-singular square system with, henceforth, the correct solution. We
will now implicitly give an example of such a subspace.
3.1.2 The marching process
Let e be an internal edge of the triangulation, and S and T triangles sharing e. Let
q
e
2
~
 
h
be such that q
T
e

S
= jej
 1
on e, where 
S
points from S to T , q
T
e
 = 0 on
all other edges. Dene w
e
:= div q
e
2
~
W
h
, then by the Gauss Divergence Theorem,
w
e
= jSj
 1
on S and w
e
= ,jT j
 1
on T . The set
W := fw
e
j e is an internal edge of the triangulationg; (26)
spans
~
W
h
, but is, in general, not a basis for
~
W
h
. As depicted in Figure 2 below,
simple triangulations can be found for which the number of internal edges is strictly
7
larger than the dimension of
~
W
h
, which equals the number of triangles T minus one.
This can be quantied, for example, by using the discrete Helmholtz decomposition
(16). The dimension of
~
 
h
equals the total number E of edges minus one, whereas
the dimension of curl
~
V
h
equals the total number N of nodes minus one. This results
in a special case of Euler's formula,
E = T +N , 1: (27)
Since the numbers of boundary edges and boundary nodes coincide, this formula
can also be used reading for E and N the number of internal edges and nodes.
Figure 2. The dimension of
~
W
h
equals three, which
is the number of triangles minus one. But there are
four internal edges, soW is not a basis. The functions
w
e
only form a basis if there are no internal nodes, as
follows from (27).
A direct way to solve v
h
from (22) is the so-called marching process (see for example
[6, 16]). It is based on the fact that for each constant value c, the function v
h
+ c
satises (22), which explains the start of the algorithm:
 On an arbitrary triangle, assign an arbitrary value to v
h
.
 Let e be an internal edge such, that a value has been given to v
h
on exactly
one of the two triangles sharing e. Compute the missing value of v
h
on the
other triangle by testing (22) with q
e
.
 Repeat the second step until all triangles have been visited.
 Subtract the mean value of v
h
from v
h
.
An example of a \march" is given in Figure 3 below. Starting with a given value in
triangle 1, a value in triangle 2 is computed, then in triangle 3, and so on.
1
2
3
4 5
6
7
8
9
10
11
12
Figure 3. Illustration of a marching
process. Contrary to what this example
may suggest, it is not necessary that tri-
angle j+1 is a neighbor of triangle j, only
that it is a neighbor of triangle k for some
k < j + 1.
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Remark 3.1 The marching process has optimal complexity. It computes T , 1 :=
dim(
~
W
h
) unknowns in O(T ) arithmetical operations.
Another important observation is that since all the functions q
e
in the marching
process have normal trace equal to zero on @
, we have that
8q
e
; hg;q
T
e
i = 0: (28)
so in fact we do not need to know g at all. Concretely, v
h
is computed from
8q
h
2
~
Z
h

~
 
h
; (v
h
; divq
h
) = (curlu
h
;q
h
); (29)
so apparently, u
h
contains all information from the boundary data necessary to
compute v
h
. Note that the evaluation of both terms in (29) can be done exactly, for
example by numerical integration. Denoting the two triangles sharing an edge e by
S and T and their centers of gravity by P and Q , the midpoint rule gives
(v
h
; divq
e
) = v
h
(S), v
h
(T ); and (30)
(curl u
h
;q
e
) = jSjcurlu
T
h
q
e
(P ) + jT jcurlu
T
h
q
e
(Q): (31)
3.1.3 The marching process for exactly given curl u
So far, we have assumed that approximations for u became available through stan-
dard nite element approximation. In some applications, it might happen that u is
known a priori. In that case, note that (29) still denes a valid discretization, since
the matrix corresponding to the left-hand side is still invertible. Moreover, since we
know that curl u = ,rv, it follows that v
h
satises
8q
h
2
~
Z
h

~
 
h
; (v
h
; divq
h
) = ,(rv;q
h
) = (v; divq
h
): (32)
So, this discretization yields the optimal approximation v
h
:= P
h
v, where P
h
is the
L
2
-orthogonal projection on
~
W
h
. The use of quadrature for the evaluation of the
right-hand side (curlu;q
h
) could damage this property.
3.1.4 The eects of numerical integration and algebraic errors
In numerical practice, the standard nite element solution u
h
needs to be solved from
a linear system of equations. This may introduce an algebraic error in u
h
, resulting
in an approximation u^
h
of u
h
. Apart from that, numerical integration might have
been used to compute the right-hand side of (8). Consequently, (22) will in general
only have a solution in the least-squares sense. The marching process, however, can
still be applied without modication. As a matter of fact, it then approximates the
solution to this least-squares problem by selecting a number of T , 1 := dim(
~
W
h
)
equations from the overdetermined system (22), and to solve those exactly.
Remark 3.2 A similar process is known in the context of numerical linear algebra
1
.
Suppose  is an eigenvalue of an n n matrix A and that for v 6= 0, (A, I)v = 0.
1
I thank Michiel Hochstenbach and Jasper van den Eshof for pointing out this similarity
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Assume that  is single, then rank(A , I) = n , 1 so all entries of v must be
non-zero. Now, x an entry v
j
of v, and bring v
j
times the j-th column of A , I
to the right hand side. What remains is an overdetermined though consistent linear
system for the remaining n , 1 entries of v. In case merely an approximation
^
 of
 is known, Wilkinson suggests in his 1958 paper [17] to use the same procedure.
Move one column of the matrix A ,
^
I to the right-hand side and solve the least-
squares problem that remains by selecting n, 1 equations. In case of a tridiagonal
matrix A, this solution process can be done in optimal complexity (approximately
3n operations) by forward substitution.
From numerical linear algebra point of view, it is known that procedures like these,
can result in a non-optimal approximate solution. A safe way out would be to give
up the optimal complexity and to solve the least squares system by QR-factorization
or by using the normal equations.
3.1.5 A note on stability of marching processes
The stability of the marching process depends very much on which march is chosen,
but also on the distribution over the domain of the perturbation of the right-hand
side. The march as illustrated in Figure 3 is one long march, which means that
errors are accumulated along the whole trajectory. A better march would be to start
somewhere in the center of the domain, compute new values for all three adjacent
triangles, then all triangles adjacent to those four, etcetera. In Figure 3 this would
be: start with 10, compute 3,9,11 from 10, compute 2,4,8,12, then 1,5,7, and nally
6. The maximum error accumulation trajectories would then have a length that is
of the order of the square root of the length of the march given in Figure 3. The
analysis of a march could follow from the error equation
8q
h
2
~
Z
h

~
 
h
; (v^
h
, v
h
; divq
h
) = (curl (u^
h
, u
h
);q
h
) (33)
where u^
h
is the approximation of u
h
obtained by the nite element method, which
can contain errors due to numerical integration and inexact solution of the linear
system. From (33) it follows that
kv^
h
, v
h
k
0
 sup
06=q
h
2
~
Z
h
kq
h
k
0
kdivq
h
k
0
kcurl (u^
h
, u
h
)k
0
; (34)
which involves the operator norm of the inverse of the divergence seen as operator
from
~
W
h
to
~
Z
h
, and
~
Z
h
the subspace of
~
 
h
corresponding to the march. Clearly,
an analysis independent of the march would lead to upper bounds for the error
propagation that would be an overestimation for a specic march. On the other
hand, analyzing a specic march is not very hard but we do not want to specify the
form of the domain and its triangulation. We will just present one line of reasoning
here for illustration.
A local bound follows already directly from (33) in combination with (30). Writing
a
h
= v
h
, v^
h
for the error, we get, using that kq
e
k
0;T[S
 C on regular families of
partitions, that
ja
h
(S), a
h
(T )j  Ckcurl (u
h
, u^
h
)k
0;T[S
: (35)
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So the dierence between the errors on two arbitrary triangles A and B is bounded
by the accumulation of those local bounds over the shortest possible trajectory from
A to B. We prefer to minimize the length of the trajectory instead of minimizing
the local errors, since the latter are basically unknown. The result is that
ja
h
(A), a
h
(B)j  C
N
X
k=1
kcurl (u
h
, u^
h
)k
0;T
k
 C
p
Nkcurl (u
h
, u^
h
)k
0;X
; (36)
where N is the number of triangles T
k
on the shortest path in the marching process
between A and B, and X denotes their union. Since a
h
has mean value zero, we
conclude the second inequality in
ka
h
k
0
 Cka
h
k
1
 C max
A;B2T
h
ja
h
(A), a
h
(B)j : (37)
For the long march from Figure 3, which uses all O(h
 2
) elements, triangles nr. 1
and nr. 12 maximize the expression in the right-hand side of (37), which leads to the
upper bound,
kv^
h
, v
h
k
0
 Ch
 1
kcurl (u
h
, u^
h
)k
0;

; (38)
because the trajectory from A to B covers the whole domain. In case the paths are
shorter, like suggested earlier in this section, we need to assume that the errors in
u^
h
are distributed equally over the domain, as holds for the nite element error. In
that case we get, with O(h
 1
) elements and Y the corresponding portion of 
,
kv^
h
, v
h
k
0
 Ch
 
1
2
kcurl (u
h
, u^
h
)k
0;Y
 Ckcurl (u
h
, u^
h
)k
0;

: (39)
The bounds show that to obtain the optimal a priori approximation quality of v
h
,
it is necessary to solve u
h
with an algebraic error in the same order of magnitude
as its discretization error in case the latter march-type is employed, or one order
higher if the simple long march type of Figure 3 is used.
3.2 Superconvergence based a posteriori error estimation
In standard as well as in mixed nite elements, superconvergence results are know
that may help to post-process the discrete solutions and to estimate the error a pos-
teriori. Because of the discrete Cauchy-Riemann relation of Theorem 2.3, supercon-
vergence properties of the one method can in fact be derived from superconvergence
of the other. We will therefore start with recalling superconvergence results for the
standard nite element method. Then we apply them to the Laplace equation and
nally transfer them to the mixed approximations.
3.2.1 Historic remarks and sketch of the main idea
Already in 1969, Oganesjan and Ruhovets [12] proved superconvergence for the linear
nite element method applied to the Poisson problem with homogeneous Dirichlet
boundary conditions and on uniform triangular partitions. Recall that uniform
partitions are also called three-directional because the directions of the edges of
each triangle are the same. Oganesjan and Ruhovets showed that the gradient of
11
the continuous linear nite element approximation u
h
, is closer to the gradient of
the linear Lagrange interpolants L
h
u of u than to the exact solution ru. Explicitly,
kr(u
h
, L
h
u)k
0
 Ch
2
juj
3
; (40)
whereas both ru
h
and rL
h
u approximate ru only with order O(h). This su-
percloseness is due to the key property that derivatives in the mesh directions of
functions from the space V
0h
of continuous piecewise linear functions that are zero
on the boundary, are piecewise constant functions on parallelograms, and zero on
remaining boundary triangles, as depicted in Figure 4 below.
Figure 4. The tangential deriva-
tive along a dashed edge of a con-
tinuous piecewise linear function y
h
is constant on the parallelogram
formed by the two triangles sharing
that edge. The union of all parallel-
ograms over all internal edges in a
given direction covers omega, apart
from some triangles at the bound-
ary. If y
h
is zero on @
, then so
is its tangential derivative on those
boundary triangles.
This property holds in particular for functions L
h
p 2 V
0h
where p is a quadratic
function. If p is quadratic, it is moreover easy to check that given an edge e with
midpoint M and a vector  tangential to e,
@
@
L
h
p(M) =
@
@
p(M); (41)
Since
@
@
L
h
p(M) is constant and
@
@
p(M) linear on the parallelogram N around e,
we get
(
@
@
(p, L
h
p); 1)
N
= 0: (42)
This property enables the local application of the Bramble-Hilbert lemma, and this
results in
8y
h
2 V
0h
; j(ru, rL
h
u;ry
h
)j  Ch
2
juj
3
jry
h
j
0
; (43)
from which (40) can be derived through Galerkin orthogonality. We refer to [12] for
details.
Remark 3.3 The regularity assumption u 2
~
H
3
(
) cannot be obtained by demand-
ing higher regularity of j because @
 is not smooth enough. However, u 2
~
H
5=2
(
)
is possible. Moreover, restricted to interior triangles, u will be smooth enough. Ap-
plication of the Bramble-Hilbert lemma will be possible apart from a strip 

h
of
12
width order h along the boundary. On this strip the bound jzj
0;

h
 C
p
hjzj
1=2;

h
can be used. This results in a total bound of order O(h
p
h), just as for the Laplace
problem that we will consider now.
3.2.2 Supercloseness in the Laplace problem
For the Laplace problem (3) and its discretization (7), the situation is slightly more
complicated as a result of the non-homogeneous boundary conditions. There exist
boundary triangles, on which the directional derivatives of functions from
~
V
h
do not
vanish. Application of the Bramble-Hilbert lemma is there not possible, basically
because integrals of functions that are odd around the center of gravity of a single
triangles do not vanish. Fortunately, there are not many boundary triangles, and the
result (derived by several authors, see for example [11] for a review) is that merely
8y
h
2
~
V
h
; j(ru, rL
h
u;ry
h
)j  Ch
p
h

juj 5
2
;

h
+ juj
3;
n

h

jry
h
j
0
; (44)
which gives a supercloseness of magnitude
kr(u
h
, L
h
u)k
0
 Ch
p
h

juj 5
2
;

h
+ juj
3;
n

h

: (45)
3.2.3 Postprocessing and error estimation
The supercloseness result (45) for the Laplace problem, though less super than
in (40), can still be eectively used to post-process the gradient approximation.
There are several possibilities to do so, but each one of them is based on (41).
So, on a triangle T , three parameters of the ve that uniquely determine rp on T
can be directly found from rL
h
p only. Thus, combining information from several
neighboring triangles, rp can be recovered exactly. This is illustrated in Figure 5,
where a post-processing scheme is depicted that exactly recovers rp(N) at some
node N .
l
l l
l
l
N
Figure 5. The average of two exact tangential
derivatives in the same direction gives the exact
derivative in that direction at the node N . The
gradient can be recovered by doing this for two
independent, not necessarily orthogonal, direc-
tions.
Let K
h
: r
~
V
h
! [V
h
]
2
be the operator of which the nodal values are determined by
this process. So, at an internal node, the value of K
h
y
h
is computed by averaging
of tangential components at midpoints of edges as in Figure 5. At boundary nodes,
use extrapolation of recovered values at nearby internal nodes. The result will be
that
kru,K
h
ru
h
k
0
 Ch
p
h

juj 5
2
;

h
+ juj
3;
n

h

: (46)
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Consequently, the dierence "(h) between the post-processed approximation K
h
ru
h
and the original approximationru
h
will be an asymptotically exact a posteriori error
estimator for the error kru, ru
h
k
0
,
"(h) := k(I ,K
h
)ru
h
k
0
and (h) :=
"(h)
kru, ru
h
k
0
! 1; (h! 0): (47)
3.2.4 Supercloseness for the mixed method
Consider the mixed discretization (11) of Laplace problem (6). We have proved in
Section 2.4 a discrete Cauchy-Riemann relation stating that p
h
= curlu
h
. From
this and the results of the previous section for ru
h
, we conclude easily that "(h) is
also an asymptotically exact a posteriori error estimator for the error k,rv,p
h
k
0
,
and that
"(h) := k(I ,K
h
)ru
h
k
0
= k(I ,
^
K
h
)p
h
k
0
; (48)
where
^
K
h
:
~
 
h
! [V
h
]
2
is the similarly derived recovery operator for the exact normal
components instead of for the tangential components. So, "^(h) can be computed
in the mixed setting directly from p
h
. Note that the recovery operator
^
K
h
was
introduced in [4] for mixed approximation of elliptic equations. We have shown now
that for the Laplace equation it is equivalent to K
h
.
The most interesting question is of course how to prot from superconvergence when
the mixed approximation v
h
of v is under consideration. This is answered by the
following result by Douglas and Roberts [7], which states that on regular families of
possibly non-uniform partitions,
kP
h
v , v
h
k
0
 Ch
2
jvj
2
; (49)
where P
h
stands for the L
2
-orthogonal projection on
~
W
h
. This supercloseness gives
rise to a post-processing scheme Q
h
dened by averaging at nodes of the constant
values on all triangles sharing that node, followed by interpolation on those averaged
values by continuous piecewise linear functions. This results in
kv ,Q
h
v
h
k
0
 Ch
2
jvj
2
: (50)
Similar as for the vector elds, this gives rise to an asymptotically exact a posteriori
error estimator (h) for the original error in v
h
,
(h) := k(I ,Q
h
)v
h
k
0
and (h) :=
(h)
kv , v
h
k
0
! 1; (h! 0): (51)
Contour lines of the post-processed solution Q
h
v
h
will be continuous and piecewise
linear, whereas contour lines for v
h
do not make sense. So apart from the fact
that Q
h
is a higher order approximation to v than v
h
, it also allows the application
described in the Introduction of this paper. Note that no special grid structure is
required for this post-processing, so that adaptive and local renement can take
place that is based on information supplied by the error estimator.
Remark 3.4 To guarantee the superconvergence in v
h
, it is necessary to solve u
h
with an algebraic error that is superconvergent, i.e., one order higher than the ap-
proximation error of u
h
. Then , the marching process from Section 3.1.5 should be
used.
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4 Conclusions
We have developed a complete package for the approximation of the Cauchy-Riemann
equations. Firstly, we showed a discrete Cauchy-Riemann relation that was valid
for the standard and mixed nite element discretizations of the unknown functions.
Secondly, we concentrated on the practical computation of one as by-product of
the computation of the other one. Thirdly, we concluded that superconvergence
properties from standard nite elements automatically get transfered to the mixed
elements. Using the superconvergence, the error in the gradient, the curl, and one of
the potentials can be estimated a posteriori, and grid renement could be applied.
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